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Abstract
Triads are four-termed complexes with end terms connected by a translation functor, similar to
triangles in a triangular category. We use triads to give an adequate theory of L-functors, introduced in
[W. Rump, The category of lattices over a lattice-finite ring, Algebras and Representation Theory, in
press] to investigate the global structure of categories with almost split sequences. Roughly speaking,
L-functors extend the Auslander–Reiten translate to morphisms and thereby make it functorial.
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Introduction
Soon after the discovery of almost split sequences in the early seventies, the significance
of irreducible maps as a structural element of various categories of representations became
apparent. To exemplify the categories we are thinking of in this article, let R be a complete
regular local ring. An R-algebra Λ is said to be a Cohen–Macaulay order if RΛ is finitely
generated and free. Accordingly, the category Λ-CM of (maximal) Cohen–Macaulay mod-
ules over Λ consists of the Λ-modules E such that RE is finitely generated and free. For
example, Λ is a finite dimensional algebra over a field if dimR = 0, and an order over a
complete discrete valuation domain if dimR = 1. In the first case, Λ-CM = Λ-mod, the
category of finitely generated Λ-modules; in the second case, Λ-CM coincides with the
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436 W. Rump / Journal of Algebra 280 (2004) 435–462category Λ-lat of Λ-lattices. A Cohen–Macaulay order Λ is said to be non-singular if
gldΛ = dimR, and Λ is called an isolated singularity [2] if the localizations Λp at prime
ideals p of R are non-singular unless p is maximal. Auslander [2] proved that Λ is an iso-
lated singularity if and only if Λ-CM has almost split sequences, and the latter implies that
the irreducible maps between indecomposables in Λ-CM can be regarded as edges of a lo-
cally finite (valued) graph, the Auslander–Reiten quiver A(Λ-CM) of Λ, which provides
a combinatorial skeleton for Λ-CM.
For an almost split sequence A′ A ⊕ B ′ B in Λ-CM, written as a commutative
square
A′
f ′
A
f
B ′ B,
(0)
the maps f,f ′ are irreducible. Moreover, f determines f ′ up to isomorphism. (This can
be shown directly, or by use of [21, §3]. In particular, the isomorphism class of f ′ does
not depend on the horizontal morphisms.) So one is tempted to ask whether some kind
of process f → f ′ can be iterated, hopefully in a functorial manner. Provided this works,
one could build ladders across the Auslander–Reiten quiver to get an insight into its global
structure.
A first progress in this direction was made by Igusa and Todorov [8] who obtained a
characterization of finite Auslander–Reiten quivers A(Λ-CM) for dimR = 0 [9,10]. Re-
cently, the corresponding (much more difficult) problem for dimR = 1 was settled by
Iyama in a series of papers [11] based on an improved version of ladders. This work
strongly relies on an iterative descent Λ-CM = A0 ⊃ A1 ⊃ · · · through suitable subcat-
egories Ai , ending up in a category An ≈ Γ -CM for a non-singular Cohen–Macaulay
order Γ . To carry out this induction, Iyama introduces the concept of τ -category which
applies to the Ai as well as to any Λ-CM in case of an isolated singularity with dimR  2.
Variations of the method led him to prove Auslander’s conjecture that artinian algebras
have finite representation dimension [13], and Solomon’s second conjecture on ζ -functions
of orders [14].
In [21] we introduce an adjoint pair of endofunctors L± on the homotopy category
M(Λ-CM) of two-termed complexes over Λ-CM together with a pair of natural transfor-
mations L+ → 1 → L−, such that ladders
· · · → L+2a → L+a → a → L−a → L−2a → ·· ·
with all desireable properties can be formed for any object a :A1 → A0 of M(Λ-CM).
In particular, the existence of these L-functors L± is guaranteed for isolated singularities
Λ in any dimension of R. For example, in the special case of an almost split square (0)
mentioned above, we have L+f ∼= f ′. As a first application, the conjectured existence [12]
of a criterion for finite Auslander–Reiten quivers A(Λ-CM) with dimR = 1 in terms of
additive functions on the vertices of A(Λ-CM) was proved by means of L-functors [21].
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their intimate relationship to almost split sequences and almost split triangles, and to im-
prove the more complicated explicit definition given in [21]. Instead of Λ-CM we will
work more generally with an Ext-category [23], that is, an exact category A with enough
Ext-projectives and enough Ext-injectives such that every split epimorphism has a kernel.
For such an A we will show that M(A) behaves like a triangulated category. In M(A),
however, the “triangles” (we call them triads)
T d
α−→ b β−→ c γ−→ d
are functorial. The morphism β of such a triad belongs to a class Σ of regular (i.e., monic
and epic) morphisms related to the exact structure of A [23, Theorem 1]. Let P and I be the
largest full subcategories of M(A) such that every ε ∈ Σ is P-epic and I-monic (see Sec-
tion 1). Then Σ , P, and I determine each other, and α (respectively γ ) is the (co-)kernel of
β in the localization M(A)I (respectively M(A)P). On the other hand, β is determined by
γ ∈ M(A)P (respectively α ∈ M(A)I) as a global (co-)kernel (see Section 1). The func-
tor T is an equivalence T :M(A)P −→∼ M(A)I compatible with morphisms of triads. An
additive category with such properties (cf. Definition 1) will be called triadic. Thus M(A)
is triadic, and its relationship to A is somewhat closer than that of the derived category
Db(A).1
As M(A) is not far from a triangulated category, kernels and cokernels are rare in
M(A). Surprisingly enough, M(A) carries a structure of an Ext-category. Therefore, unlike
usual homotopy categories, M(A) admits an exact full embedding into an abelian cate-
gory [17,18]. On the other hand, since M(A) is triadic, the localizations M(A)P ≈ M(A)I
are abelian. We will prove that they are equivalent to the homotopy category Ext(A) of
short exact sequences in A. By this fact, the bridge between L-functors and almost split
sequences becomes visible. Assume that A has the Krull–Schmidt property. Then almost
split sequences in A are just the simple objects in Ext(A). Furthermore, the semisimple
objects in Ext(A) form a reflective subcategory, i.e., every object a of M(A) admits a
universal morphism πa :a → Sa in M(A)P ≈ Ext(A) with Sa semisimple. Thus we can
extend πa to a triad
T Sa
σa−→ L+a λ
+
a−−→ a πa−→ Sa,
which yields a left L-functor L+. Conversely, the existence of L-functors (Definition 7)
implies that A has almost split sequences. Namely, every object B of A can be regarded as
an object B+ : 0 → B of M(A). If B is indecomposable and non-projective, the morphism
λB+ :L+B+ → B+ in M(A) yields a commutative square (0) with A = 0, which gives
an almost split sequence A′ f
′
 B ′ B in A. We invite the reader to reprove the results
of [21] in this new formalism. The objects B+ with B ∈ ObA form a full subcategory A+
1 For a wide class of hereditary abelian categories A, Reiten and van den Bergh [19] establish a correspon-
dence between existence of Auslander–Reiten sequences in A and Serre duality in Db(A). However, this does
not work for Ext2 (−,−) 	= 0.A
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right semisimple objects in M(A).
In Section 2 we show that M(A) has a polarization, i.e., a weak torsion theory (A+,A−)
with a certain duality between A+-epimorphisms and A−-monomorphisms (Defini-
tion 3). In particular, there are equivalences M(A)/[A−] ≈ mod(A) and M(A)/[A+] ≈
mod(Aop)op which simplify the handling of triads. The polarization is needed, for exam-
ple, to prove that M(A) is an Ext-category. Moreover, it provides a full embedding of A
into the class of left (respectively right) semisimple objects of M(A). Although it is not
our present concern, we remark that every polarization gives rise to a stable equivalence
(see Theorem 2 and its corollary). We do not know whether each stable equivalence (e.g.,
between artinian algebras) is of this form.
1. Triadic categories
Throughout this article, functors between additive categories are assumed to be additive.
Let M be an additive category with a full (additive) subcategory C. A morphism ϕ :a → b
in M will be called C-epic (C-monic) if every morphism c → b (respectively a → c) with
c ∈ C factors through ϕ. For a class Σ of morphisms, let PrΣ (respectively InΣ) denote
the largest full subcategory C of M such that every ϕ ∈ Σ is C-epic (C-monic). If Σ
is the class of cokernels (kernels), the objects in PrΣ (respectively InΣ) are said to be
projective ( injective). We say that M has enough projectives (enough injectives) if for
each a ∈ ObM there is an epimorphism p → a with p projective (a monomorphism a → i
with i injective). The ideal of M generated by the identities 1c, c ∈ C, will be denoted by
[C]. By addC we denote the full subcategory of objects c ∈ ObM with 1c ∈ [C]. Obviously,
[addC] = [C]. A monic and epic morphism in M is said to be regular. If the class Σreg of
regular morphisms in M/[C] admits a calculus of left and right fractions [6], we say that
MC exists [23] and define MC := (M/[C])[Σ−1reg ] as the localization of M with respect to C
(cf. [5, Chapter III]).
Assume that MC exists. For a morphism α ∈ M we define the local (co-)kernel kerC α
(respectively cokC α) as a (co-)kernel of α in MC when it exists. Similarly, we call α ∈M
a global kernel of β ∈ MC if βα = 0 holds in MC, and for any α′ ∈M with βα′ = 0 in MC
there exists a unique γ ∈M with αγ = α′. By definition, the global kernel and its dual, the
global cokernel, are unique up to isomorphism. We write α = kerC β (respectively cokC β)
for the global (co-)kernel of β .
We call an additive category M left abelian if every morphism in M has a cokernel, and
for each diagram
e
δ
d
ψ
a
ϕ
b
γ
c
(1)
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through ϕ. Right abelian categories are defined in a dual way.
Proposition 1. Let M be a left abelian category. Then every epimorphism is a cokernel,
and every monomorphism is a kernel.
Proof. Let ϕ :a → b be an epimorphism. Choosing ψ = 1b in (1), we find a cokernel
δ : e → b with δ = ϕα for some α : e → a. Assume that δ is a cokernel of β :d → e. Since
cokδ = 0, diagram (1) with (ϕ,ψ) replaced by (δ,ϕ) yields a cokernel γ : c → a such
that ϕγ = δζ for some ζ : c → e. Now it is easy to verify that ϕ is a cokernel of (γ −
αζ, αβ) : c⊕ d → a.
To show that a monomorphism ϕ :a → b is a kernel of its cokernel γ :b → c, let
ψ :d → b be a morphism with γψ = 0. So we have a diagram (1), and there is a co-
kernel δ : e → d with ψδ = ϕζ for some ζ : e → a. If δ = cokα, then ϕζα = 0, and thus
ζα = 0. So ζ factors through δ, and therefore, ψ factors through ϕ. 
As an immediate consequence, we get the following corollary.
Corollary. An additive category M is abelian if and only if M is left and right abelian.
Definition 1. We call an additive category M with a pair of full subcategoriesP := P(M) =
addP and I := I(M) = addI triadic if the following are satisfied:
(T1) MP and MI exist, MP is left abelian with enough projectives, and MI is right
abelian with enough injectives.
(T2) Every morphism in MP (respectively MI) has a global (co-)kernel.
(T3) Every global kernel is a global cokernel, and vice versa.
We introduce the following derived concepts. A sequence of morphisms
a
α−→ b β−→ c γ−→ d (2)
with α = kerI β , γ = cokP β , and β = cokI α = kerP γ will be called a triad. Note that
up to isomorphism, the morphisms α ∈ MI, β ∈ M, and γ ∈ MP determine each other.
A morphism of triads is a diagram
a
α
ϕ
b
β
χ
c
γ
ψ
d
ω
a′
α′
b′
β ′
c′
γ ′
d ′
(3)
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of these commutative squares is given, the morphism (3) can be completed in a unique
fashion. So in contrast to the triangles of a triangulated category, triads are distinguished
by a functorial behaviour. The class of global kernels (= global cokernels by (T3)) will
be denoted by ΣM or simply Σ if no confusion is possible. The following theorem shows
that the ends of triads are connected by a translation functor that provides an equivalence
between MP and MI.
Theorem 1. Let M be a triadic category. There is an equivalence T :MP → MI with the
following property. For any triad (2), the morphism α can be replaced by α˜ := αθ for a
suitable isomorphism θ ∈ MI, so that every morphism (3) between such standard triads
(i.e., with α, α′ replaced by α˜, α˜′) satisfies ϕ = T ω.
Proof. Let (3) be a morphism between triads. A straightforward verification shows that
ϕ = 0 ⇔ ω = 0. Let us prove that ϕ is regular if and only if ω is so. To this end, let
µ :a′ → e and ν :x → a be morphisms in M such that µϕ = 0 and ϕν = 0 holds in MI. By
(T1), there is a monomorphism e → i in MI with i injective. Replacing x, i by isomorphic
objects in MI, we may assume that there are morphisms of triads
x
ν
x y z
a
α
ϕ
b
β
χ
c
γ
ψ
d
ω
a′
α′
µ
b′
β ′
c′
γ
d ′
µ′
e i j k.
Now µϕ = 0 implies µ′ω = 0. Thus if ω is epic, we get µ′ = 0, and therefore, µ = 0. This
shows that ϕ is epic if ω is epic. Similarly, ϕ is monic when ω is so.
Next we define a functor U :M→MI by the morphism of triads
Ua
σ
Uϕ
p
ε
a
ϕ
a
ϕ
Ua′
σ ′
p′ ε
′
a′ a′,
(4)
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when ϕ is regular. Therefore, U induces a functor T :MP →MI. Dually, we get a functor
T ′ :MI → MP such that for each a ∈ ObM, we have a morphism of triads
T a
1
T a
σ
i T ′T a
ρa
T a
σ
p
ε
a a
with ρa ∈ MP invertible. Hence ρ :T ′T → 1 is a natural isomorphism. By symmetry, this
proves that T is an equivalence.
For an arbitrary triad (2) with γ = ρ−1δ we get a morphism of triads
a
α
σ
b
β
c
γ
δ
d
ρ
T e p
ε
e e
(5)
with isomorphisms ρ and σ . Now we set α˜ = αϑ with ϑ := σ−1 · Tρ. This has the effect
that if we replace α by α˜, then σ turns into Tρ. For a morphism (3) between standard
triads, we have a similar diagram (5) with ρ′ :d ′ → e′ and Tρ′ :T d ′ → T e′ as morphisms
between the end terms. By the Ore condition, we can choose ρ′ as a regular morphism in
M/[P] such that ρ′ω = ω′ρ for a morphism ω′ : e → e′ in M. Hence Tρ′ · ϕ = T ω′ · Tρ =
T (ω′ρ) = Tρ′ · T ω, and thus ϕ = T ω. 
Note. By Proposition 1, the theorem implies that MP ≈ MI is an abelian category with
enough projectives and enough injectives.
Corollary. Let M be a triadic category. A morphism α ∈ M belongs to Σ if and only if α
is monic and P-epic.
Proof. By definition, a global kernel is monic and P-epic. Conversely, let α :a → b be
monic and P-epic in M. Then α is monic in MP. Therefore, if γ := cokP α, then α = kerγ
in MP. On the other hand, the global kernel β : c → b of γ satisfies β = kerγ in MP, and
α = βρ for some ρ :a → c in M. Hence ρ is invertible in MP, and we have to prove that
ρ is invertible in M. Let ε :p → c be the global kernel of the identity 1c ∈ MP. Then
βε = αε′ for some ε′ :p → a. Since β is monic, this gives ε = ρε′. Moreover, ε′ is P-epic
since α is monic. Hence ε′ = kerP 1a , and we get a morphism of triads
T a
Tρ
p
ε′
1
a
ρ
a
ρ
T c p
ε
c c.
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follows that ρ ∈ M is invertible. 
Together with the following result, the corollary shows that P, I, and Σ determine each
other.
Proposition 2. Let M be a triadic category. Then P = PrΣ and I = InΣ . Moreover, the
following properties hold:
(E0) Every ε ∈ Σ is regular.
(E1) If ε ∈M is P-epic and I-monic, then ε ∈ Σ .
(E2) For any a ∈ ObM there are morphisms p → a → i in Σ with p ∈ P and i ∈ I.
(E3) If ε ∈ Σ is P-monic or I-epic, then ε is invertible.
Proof. Every β :b → c in Σ is of the form β = kerP γ . Hence β is monic. By (T3), this
gives (E0). For any ϕ :p → c with p ∈ P we have γ ϕ = 0 in MP. Therefore, ϕ factors
through β , which gives P ⊂ PrΣ . For any a ∈ ObM, consider the global kernel ε :p → a
of the identity 1a ∈ MP. Then ε = ker 1a in MP. Hence p ∈ P, which proves (E2). If
a ∈ PrΣ , then ε is split epic, hence invertible. Thus P= PrΣ . To prove (E1), let β :b → c
be P-epic and I-monic. Then cokI 1b ∈ Σ factors through β . Hence β is monic. Therefore,
the above corollary implies that β ∈ Σ .
Finally, let ε :a → b be a morphism in Σ . The cokernel of ε in MP can be represented
by a morphism γ :b → c in M. So there are morphisms α :a → p and β :p → c in M with
p ∈ P and γ ε = βα. Thus if ε is P-monic, then α = δε for some δ :b → p. Since ε is epic,
we get γ = βδ ∈ [P]. Hence ε = kerP γ is invertible. 
Remarks.
(1) Proposition 2 shows that I is a reflective and P a coreflective subcategory of M with
common (co-)reflector M → P ≈ I ≈ M[Σ−1]. In particular, Σ admits a calculus of
left and right fractions [6], and by (E1), Σ is saturated, i.e., a morphism ε ∈M belongs
to Σ if and only if ε is invertible in M[Σ−1].
(2) We will show in Section 2 (Corollary 2 of Theorem 3) that the homotopy category
M(A) (see Introduction) is triadic for any Ext-category A, thus in particular, for A =
Λ-CM with a Cohen–Macaulay order Λ over a complete regular local ring.
Definition 2. Let M be an additive category. As in [23], we call a class of morphisms
Σ ⊂M exact if the properties (E0)–(E2) hold for P= PrΣ and I= InΣ . We call Σ fully
exact if, in addition,
(E4) Every P-epimorphism (I-monomorphism) has a (co-)kernel.
Let M be an additive category with an exact class Σ ⊂M, and let
a
α−→ b β−→ c (6)
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be called an inflation. If β is (PrΣ)-epic, we call β a deflation. In what follows, we indicate
inflations (deflations) by arrows of the form (respectively). If α is an inflation and β
a deflation, we call (6) a conflation. The next result clarifies the rôle of conflations.
Proposition 3. Let M be an additive category with an exact class Σ ⊂M.
(a) Σ is fully exact if and only if the following are satisfied:
(i) Every split epimorphism has a kernel.
(ii) Pullbacks and pushouts of any β ∈ Σ (along an arbitrary morphism) exist and
belong to Σ .
(b) Assume that Σ is fully exact. Then the kernel κ of any (PrΣ)-epimorphism ϕ :a → b
is an inflation. Moreover, ϕ has a factorization a δ e ε−→ b with δ = cokκ and ε ∈ Σ .
Proof. (a) Assume first that Σ is fully exact. For a morphism ϕ :a → b and β :d → b
in Σ , the morphism (ϕ β) :a ⊕ d → b is (PrΣ)-epic. So the pullback
c
ψ
α
d
β
a
ϕ
b
(7)
exists, and α ∈ Σ since α is (PrΣ)-epic and monic (see [23, Proposition 2]). Conversely,
let (i) and (ii) be satisfied. For a (PrΣ)-epimorphism ϕ :a → b, consider a morphism
β :d → b in Σ with d ∈ PrΣ . By (ii), there exists a pullback (7) with α ∈ Σ . Since β
factors through ϕ, the pullback property implies that ψ is split epic. By (i), ψ has a kernel
ν : k c which is split monic. So we get αν = kerϕ.
(b) As in the preceding argument, any (PrΣ)-epimorphism ϕ :a → b gives rise to a
pullback (7) with α,β ∈ Σ and d ∈ PrΣ . Again we infer that ψ is split epic, whence
ν := kerψ is split monic. Therefore, κ := αν = kerϕ is (InΣ)-monic. By duality, there
is a deflation δ = cokκ which leads to a factorization ϕ :a δ e ε−→ b. To show that ε is
monic, let ξ :x → e be a morphism with εξ = 0. Choose a morphism ε′ :p → x in Σ with
p ∈ PrΣ . Then ξε′ = δη for some η :p → a. Since ϕη = εξε′ = 0, η factors through κ .
Consequently, δη = 0, and thus ξ = 0. So ε is monic and (PrΣ)-epic, whence ε ∈ Σ by
[23, Proposition 2]. 
Remark. More generally, we have proved the following assertion for Σ ⊂ M fully exact.
If δ :a e is a deflation, and ker δ = ker(εδ), then ε is monic.
Proposition 4. Let M be a triadic category. Assume that every split epimorphism has a
kernel. Then ΣM is fully exact.
Proof. Let ϕ :a → b be P-epic. By Proposition 2, we only have to show that ϕ has a
kernel. Consider the commutative diagram (7) with α = kerP ϕ and β = kerP 1b. Since β
444 W. Rump / Journal of Algebra 280 (2004) 435–462is monic, this is a pullback. As above, it follows that ψ is split epic. Thus by assumption,
ψ has a kernel ν : k c. Hence αν = kerϕ. 
Note that any additive category M has a trivial triadic structure given by P = I = M.
This shows that the assumption that split epimorphisms have a kernel cannot be dropped.
2. Polarization
For an additive category A, let Mor(A) denote the category of two-termed complexes
0 → A1 a−→ A0 → 0 over A, and let M(A) be the corresponding homotopy category [23].
Thus objects of Mor(A) are given by morphisms a :A1 → A0 in A, and morphisms in
Mor(A) are given by commutative squares in A. There is a natural full embedding A ↪→
Mor(A) which identifies objects A of A with identities 1A ∈ Ob Mor(A). Then a morphism
a → b in Mor(A) is homotopic to zero if and only if it belongs to the ideal [A], whence
M(A) = Mor(A)/[A]. Furthermore, there are two full subcategories A+ and A− of M(A)
consisting of the objects A+ : 0 → A and A− :A → 0, respectively, and there are natural
equivalences ( )± :A −→∼ A±. The factor category mod(A) := M(A)/[A−] is equiva-
lent to the category of finitely presented A-modules (i.e., coherent functors Aop → Ab;
see [22, Section 1]). Dually, com(A) := M(A)/[A+] = mod(Aop)op. By Proposition 1
and [22, Proposition 1] we have the following proposition.
Proposition 5. An additive category M is equivalent to mod(A) for some additive category
A if and only if M is left abelian with enough projectives.
Let M be an additive category. Recall that a morphism α :a → b is said to be a weak
kernel of β :b → c if βα = 0, and every γ ∈ M with βγ = 0 factors through α. If, in addi-
tion, β is a weak cokernel of α (the dual notion), then the complex (6) is said to be a weak
short exact sequence in M. We call a pair (M+,M−) of full subcategories of M which are
closed with respect to isomorphisms a (weak) torsion theory [21] if HomM(M+,M−) = 0,
and each a ∈ ObM admits a (weak) short exact sequence
a+ αa−→ a βa−→ a− (8)
with a+ ∈ M+ and a− ∈ M−. The notations in (8) will be retained throughout the sequel.
If a weak short exact sequence (6) has the property that β is M+-epic and α is M−-monic,
we speak of a polar sequence. For a structural analysis of M(A), the following concept
will be useful.
Definition 3. Let M be an additive category. We define a polarization of M as a pair
(M+,M−) of full subcategories with the following properties:
(P1) (M+,M−) is a weak torsion theory.
(P2) Every M+-epimorphism β :b → c, and every M−-monomorphism α :a → b, can be
completed to a polar sequence a α−→ b β−→ c.
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(1) For an additive category A, the pair (A+,A−) is a polarization of M(A). By the proof
of [21, Proposition 1], (A+,A−) is a weak torsion theory. For an A+-epimorphism
β :b → c, a polar sequence a α−→ b β−→ c can be obtained as follows:
B1
( bg1)
B1
g1
b
C1
c
B0 ⊕C1
(1−sg0,sc)
B0
g0
C0,
(9)
Since β is A+-epic, there are morphisms s :C0 → B0 and h :C0 → C1 with
ch+ g0s = 1. A straightforward verification shows that (9) defines a polar sequence.
(βα = 0 by the homotopy (hg0 1−hc) :B0 ⊕C1 → C1.)
If every split epimorphism in A has a kernel, a more symmetric form of (9) can be
given. The split epimorphism (c g0) :C1 ⊕B0 → C0 has a kernel
(−d
e
)
:D → C1 ⊕B0,
and β factors through the isomorphism γ : e → c given by
D
d
e
C1
c
B0
g0
C0.
Thus if we replace β by γ−1β , we find a polar sequence
B1
f
B1
f
b
D
e
D
e
B0 B0.
(10)
(2) Let M be an additive category. Then (0,M) is a polarization if and only if idempotents
split and M is von-Neumann regular (i.e., for every ϕ ∈M there is a morphism ψ with
ϕψϕ = ϕ).
Let us call a morphism ϕ :a → b in an additive category right tight if every morphism
ψ : c → b with γ ϕ = 0 ⇒ γψ = 0 for all γ :b → x factors through ϕ. Morphisms with the
dual property will be called left tight.
Theorem 2. Let M be an additive category. A pair (M+,M−) of full subcategories of M
is a polarization if and only if the following are satisfied:
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(b) The full embeddings M+ ↪→ M → M/[M−] and M− ↪→ M → M/[M+] induce
equivalences M/[M−] ≈ mod(M+) and M/[M+] ≈ com(M−).
(c) Every morphism in M+ (respectively M−) is right (left) tight in M.
Proof. Assume first that (M+,M−) is a polarization. Then (a) holds, and the full functor
M+ ↪→ M → M/[M−] is faithful. Let ϕ :a → b be a morphism in M/[M−]. Then the
M−-monomorphism
(
ϕ
βa
)
:a → b ⊕ a− can be completed to a polar sequence a → b ⊕
a− → c which amounts to a commutative square
a
ϕ
βa
b
γ
a−
ψ
c.
(11)
Since (γ ψ) :b ⊕ a− → c is M+-epic, HomM(M+,M−) = 0 implies that γ is M+-epic.
Therefore, every ξ : c → x with ξγ ∈ [M−] satisfies ξαc = 0, and thus ξ ∈ [M−]. Conse-
quently, γ is epic in M/[M−], and (11) shows that γ = cokϕ in M/[M−]. For any object
c of M, the M+-epimorphism αc extends to a polar sequence a
ϕ−→ c+ αc−→ c. Since ϕ is
M−-monic, we get αc = cokϕ in M/[M−]. Therefore, the objects of M+ are projective in
M/[M−] and provide enough projectives. For a diagram (1) in M/[M−] with γ = cokϕ
and γψ = 0, we get γψαd = 0 in M, and thus ψαd factors through ϕ by the weak pull-
back property of (11). Hence M/[M−] ≈ mod(M+) by Proposition 5. By duality, this
proves (b). Since every morphism in M+ is M−-monic as a morphism of M, (c) follows
by (P2).
Conversely, let (a)–(c) be satisfied. For each a ∈ ObM, there is an epimorphism
π :p → a in mod(M+) with p ∈ M+ and a monomorphism σ :a → i in com(M−) with
i ∈ M−. Then p π−→ a σ−→ i defines a weak torsion theory (M+,M−). As before, we write
αa := π , a+ := p, etc. Thus it remains to be shown that every M+-epimorphism β :b → c
can be completed to a polar sequence a α−→ b β−→ c. First, let δ :d → b be a kernel of β
in M/[M+]. Then βδ factors through αc, and αc factors through β . Therefore, we may
assume that βδ = 0. Since βαb is M+-epic, it is epic in M/[M−]. Hence, by Propo-
sition 1, there is a morphism ν : e → b+ in M+ with βαb = cokν in M/[M−]. Define
α := (δ αbν) :d ⊕ e → b. Then e ∈ M+ implies that βα = 0, and that α is M−-monic. To
show that α is a weak kernel of β , let ξ :x → b be a morphism with βξ = 0. Then we find a
morphism ϕ :x → d with ξ − δϕ ∈ [M+], say, ξ − δϕ = αbψ . Hence βαbψ = 0, and thus
(c) implies that ψ = νω for some ω :x → e. So we get α(ϕ
ω
)= δϕ +αbνω = ξ . Finally, we
show that β is a weak cokernel of α. Thus let η :b → y be a morphism with ηα = 0. Then
ηαb · ν = 0 implies that ηαb factors through βαb . Therefore, we may assume that ηαb = 0,
i.e., η factors through βb . As βbδ is M−-monic, the dual of the preceding argument yields
an M+-epic weak cokernel ζ :b− → z of βbδ. Hence αz = 0, and we may assume that
z ∈ M−. Since δ = kerβ in M/[M+] ≈ com(M−), this implies that ζβb factors through β
in M/[M+], hence in M. As η factors through ζβb, the proof is complete. 
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mod(A)/[A] is equivalent to mod(B). For example, if R-proj denotes the category of
finitely generated projective left modules over a ring R, then R-proj and S-proj are sta-
bly equivalent if and only if R and S are stably equivalent. Note that mod(A)/[A] ≈
com(A)/[A]. (This generalizes the Auslander–Bridger duality [3].) As an immediate con-
sequence of Theorem 1, we have the following corollary.
Corollary. If M is an additive category with a polarization, then M+ and M− are stably
equivalent.
By definition, triadic categories involve the existence of localizations. We will see below
that such structures become a lot more intelligible in the presence of a polarization.
Definition 4. An object s of an additive category M will be called left (right) semisimple
if every monomorphism a → s (epimorphism s → a) in M splits. We denote the full sub-
category of left (right) semisimple objects by Sl (M) (respectively Sr (M)). The objects of
S(M) := Sl (M)∩ Sr (M) will be called semisimple.
Examples.
(1) For a module category M, semisimple objects coincide with semisimple modules [1,
Theorem 9.6], and there is no difference between left and right semisimplicity.
(2) If Λ is an artinian algebra, there are two types of indecomposable left semisimple
objects in M := M(Λ-mod), namely, the indecomposable objects of (Λ-mod)−, and
the objects of the form RadP ↪→ P with P ∈ Λ-mod indecomposable and projective.
A similar classification holds for orders Λ over a complete discrete valuation domain
(see [22, Proposition 8]). For a Cohen–Macaulay order Λ over a complete regular
local ring R of dimension 2, it can be shown that there are no left semisimple objects
of M(Λ-CM) other than those belonging to (Λ-CM)−.
Proposition 6. Let M be an additive category with a polarization.
(a) If β :b → c is monic and M+-epic, then β is split monic.
(b) If, in addition, β is M−-epic, then β is invertible.
(c) M− ⊂ Sl (M) and M+ ⊂ Sr (M).
Proof. (a) There is a polar sequence a α−→ b β−→ c with α = 0. So β is split monic.
(b) Let γ be a retraction of β . Then (1 − βγ )β = 0. If β is M+-epic, this implies that
1 − βγ ∈ [M−]. Thus if β is also M−-epic, we get 1 − βγ = βγ ′ for some γ ′ : c → b,
whence 1 = β(γ + γ ′).
(c) This follows by (a) and its dual. 
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tion. Then (E3) of Proposition 2 holds, and
M− ⊂ PrΣ; M+ ⊂ InΣ. (12)
If Σ is fully exact, then every M+-epic (PrΣ)-epimorphism is a deflation.
Proof. The inclusions (12) follow by (E0), (E2), and Proposition 6(c). Therefore, Propo-
sition 6(a), (b) yields (E3). Now let Σ be fully exact, and let ϕ :a → b be M+-epic and
(PrΣ)-epic. By Proposition 3, there is a factorization ϕ :a δ e ε−→ b with a deflation δ and
ε ∈ Σ . Hence ε is M+-epic and thus invertible by Proposition 6. So ϕ is a deflation. 
Property (E3) has the following consequences. Recall that a commutative square is said
to be exact if it is a pullback and a pushout.
Proposition 8. Let M be an additive category with a fully exact class Σ ⊂ M such that
(E3) holds.
(a) Let ε ∈ Σ be epic in M/[PrΣ]; then ε is invertible.
(b) ρ ∈ M is regular in M/[PrΣ] if and only if the following commutative square with
α,β ∈ Σ and p,q ∈ PrΣ is exact.
p
σ
α
q
β
a
ρ
b.
(13)
Proof. (a) For any ϕ :a → p ∈ PrΣ , Proposition 3 implies that there is a pushout
a
ε
ϕ
b
ψ
p
ε′
c
(14)
with ε′ ∈ Σ . Hence ψε ∈ [PrΣ] yields ψ ∈ [PrΣ], i.e., ψ factors through ε′. Since ε′ is
monic, this implies that ϕ factors through ε. Therefore, ε is invertible by (E3).
(b) Assume that ρ is regular in M/[PrΣ]. To show that (13) is a pullback, let ϕ :x → a
and ψ :x → q be morphisms with ρϕ = βψ . Then ρϕ ∈ [PrΣ], and so ϕ factors
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there is a pushout
p
σ
α
q
β ′
a
ρ′
b′
with β ′ ∈ Σ . So there is a morphism γ :b′ → b with ρ = γρ′ and β = γβ ′. Hence γ is
epic in M/[PrΣ], and γ ∈ Σ by Proposition 3. Thus γ is invertible by (a).
Conversely, let (13) be exact. Then the pullback property implies that ρ is monic in
M/[PrΣ]. Let ϕ :b → c be a morphism with ϕρ ∈ [PrΣ]. If γ :q ′ → c is a morphism in
Σ with q ′ ∈ PrΣ , then there is a ψ :q → q ′ with ϕβ = γψ , and a morphism δ :a → q ′
with ϕρ = γ δ. Hence ψσ = δα, and the pushout property of (13) implies that ψ factors
through β . Since β is epic, we infer that ϕ factors through γ , i.e., ϕ ∈ [PrΣ]. Thus ρ is
epic in M/[PrΣ]. 
Definition 5. Let M be an additive category with a polarization. We call a fully exact
class Σ ⊂ M compatible with the polarization if every deflation (inflation) is M+-epic
(M−-monic). (By Proposition 7, this means that deflations are characterized as M+-epic
(PrΣ)-epimorphisms.) We call a triadic category M compatible with a polarization if every
split epimorphism has a kernel (see Proposition 4), and ΣM is compatible with (M+,M−).
Lemma 1. Let M be an additive category with a fully exact class Σ ⊂ M and a polar-
ization. Up to isomorphism, every ϕ ∈ M/[PrΣ] is of the form ϕ :a π e σ b with a
deflation π and an inflation σ in M. Moreover, every deflation is epic in M/[PrΣ].
Proof. For a morphism ϕ :a → b, choose α :p → b in Σ with p ∈ PrΣ . Then ϕ = (ϕ α)
in M/[PrΣ]. Hence we may assume that ϕ is PrΣ-epic. By Proposition 3, this implies
that ϕ = επ with ε ∈ Σ and a deflation π :a e. By (12), we have e− ∈ PrΣ . Hence
ε = ( ε
βe
)
in M/[PrΣ], and ( ε
βe
)
is an inflation by the dual of Proposition 7. To show that
any deflation δ :a e is epic in M/[PrΣ], let ξ : e → x be a morphism with ξδ ∈ [PrΣ].
By (E2), there is a morphism β :q → x in Σ with q ∈ PrΣ . Hence ξδ = βη for some
η :a → q . Since βη annihilates the kernel of δ, and β is monic, we infer that η factors
through δ. As δ is epic, this implies that ξ factors through β , whence ξ ∈ [PrΣ]. 
Proposition 9. Let M be an additive category with a fully exact class Σ ⊂ M and a po-
larization such that p+ ∈ PrΣ for all p ∈ PrΣ , and i− ∈ InΣ for all i ∈ InΣ . Then Σ is
compatible with the polarization.
Proof. Let α :a b be a deflation. Then there is a polar sequence
a
( αβa)−−→ b ⊕ a− (γ δ)−−−→ c.
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let ε :p → c be a morphism in Σ with p ∈ PrΣ . Then (γ δ) factors through ε. So we
may assume without loss of generality that c ∈ PrΣ . Since (γ δ) is M+-epic, there is a
morphism β : c+ → b with αc = γβ . Therefore, the assumption c+ ∈ PrΣ implies that
β factors through α, and thus αc factors through δ. Consequently, αc = 0, which gives
(γ δ)
(
αb
0
)= γαb = 0. Hence αb factors through α. 
As in [23], we define an Ext-category as an exact category A with enough Ext-
projectives and enough Ext-injectives such that every split epimorphism has a kernel. The
distinguished short exact sequences in A are called conflations [15], and they consist of an
inflation followed by a deflation.
Example. Let Λ be a Cohen–Macaulay order over a complete regular local ring R. The
embedding Λ-CM ↪→ Λ-mod induces an exact structure on Λ-CM that makes Λ-CM
into an Ext-category. For any Ext-category A, there is a natural exact class Σ ⊂ M(A)
consisting of the morphisms a → b in M(A) given by a commutative square
A1
f1
a
B1
b
A0
f0
B0
(15)
in A such that the induced sequence
A1
(−f1a )
B1 ⊕ A0
(b f0)
B0
is a conflation in A (see [23, Theorem 1]). By [23, Lemma 1], an object p :A → P of
M(A) belongs to PrΣ if and only if P is Ext-projective. Moreover, the sequence (8) for
a = p looks as follows:
0 A
p
A
P P 0.
Hence p+ = P+ ∈ PrΣ , and similarly, i− ∈ InΣ for all i ∈ InΣ . We will see below
that M(A) is triadic with respect to P := PrΣ and I := InΣ . Hence Σ = ΣM(A) by the
corollary of Theorem 1 and [21, Proposition 2]. Thus Proposition 4 implies that Σ is even
fully exact. By Proposition 9, Σ is compatible with the natural polarization (A+,A−) of
M(A).
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Proposition 1], that (b f0) :B1 ⊕ A0 → B0 is a deflation in A. So we get a commutative
diagram
A1
a
C B1
b
A0 A0
f0
B0,
where the right-hand square is in Σ . Therefore, we get a factorization ϕ = εγ with ε ∈ Σ
and an A+-epimorphism γ . Since ε is monic, it follows that γ is a (PrΣ)-epimorphism,
hence a deflation by Proposition 7. Consequently, the factorization ϕ = εγ coincides with
that of Proposition 3(b). Furthermore, this shows that the deflations in M(A) are just the
A+-epic (PrΣ)-epimorphisms. In particular, the conflations in M(A) form a special class
of polar sequences.
Our next result implies that the so determined conflations turn M(A) itself into an Ext-
category.
Proposition 10. Let M be an additive category with a fully exact class Σ ⊂M compatible
with a polarization. Then the conflations make M into an Ext-category.
Proof. By Proposition 7 and Definition 5, the composition of deflations is a deflation.
Furthermore, if ϕ = αβ is a deflation, then α is a deflation. Now let ρ :a b be a deflation
and ϕ :d → b arbitrary. Then ρ has a factorization ρ :a (
1
0)−−→ a ⊕ d (ρ ϕ)−−−→ b, whence (ρ ϕ)
is a deflation. Therefore, the pullback
c
ρ′
d
ϕ
a
ρ
b
(16)
exists, and ρ′ is again a deflation. For any a ∈ ObM, there is a morphism ε :p → a in Σ
with p ∈ PrΣ . Hence (ε αa) :p⊕a+ a is a deflation. Since the objects of PrΣ and M+
are Ext-projective, this completes the proof. 
Lemma 2. Let M be an additive category with a fully exact class Σ ⊂M compatible with a
polarization. Let a α b β c be a conflation in M and ϕ :b → x a morphism with ϕα = 0
in M/[PrΣ]. Then there is a regular ρ :x → y in M/[PrΣ] such that ρϕ factors through
β in M/[PrΣ].
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p in M. Since p− is Ext-injective, βpψ factors through α, and we get a commutative
diagram
a
α
ψ
b
β
(ϕω)
c
p
( εβp)
x ⊕ p− (ρ σ ) y
with an inflation
(
ε
βp
)
and (ρ σ) = cok ( ε
βp
)
. By Proposition 3 and (12), σ ∈ Σ and p− ∈
PrΣ . Therefore, Proposition 8 implies that ρ is regular in M/[PrΣ]. 
Our next theorem provides a converse to Proposition 4. It determines the triadic cate-
gories which are compatible with a polarization.
Theorem 3. Let M be an additive category with a fully exact class Σ ⊂ M compatible
with a polarization. Then Σ makes M into a triadic category.
Proof. We write P := PrΣ and I := InΣ and show first that MP exists. Let ρ :a → b
and ϕ :d → b be morphisms in M with ρ regular in M/[P]. By Proposition 8, there is an
exact square (13) with α,β ∈ Σ and p,q ∈ P. Since ρ = (ρ β) in M/[P], we may assume
that ρ is a deflation with Kerρ ∈ P. So there exists a pullback (16) with a deflation ρ′ and
Kerρ′ = Kerρ ∈ P. Hence, by Lemma 1, ρ′ is regular in M/[P]. This proves the right Ore
condition in M/[P]. To get the left Ore condition, let again ρ :a b be a deflation with
p := Kerρ ∈ P and ϕ :a → x an arbitrary morphism in M. By Lemma 2, there exists a
regular ρ′ :x → y in M/[P] such that ρ′ϕ factors through ρ in M/[P]. Thus MP exists.
Next we show that every morphism ϕ ∈ MP has a cokernel. First, we may assume that
ϕ is represented by a morphism ϕ :a → b in M. By Lemma 1, we may further assume that
ϕ is an inflation. Then Lemma 1 implies that the cokernel γ of ϕ in M is epic in MP.
Hence γ = cokϕ holds in MP by Lemma 2.
To prove that MP is left abelian, consider a diagram (1) in MP with γ = cokϕ and
γψ = 0. Using Lemma 1, we may assume that ϕ,ψ ∈ M and ϕ has a factorization
ϕ :a
π e σ b. Thus we can identify γ with the cokernel of σ in M. So γ is P-epic,
and γψ ∈ [P]. Therefore, we can replace ψ by a morphism ψ ′ with ψ ′ − ψ ∈ [P] and
γψ ′ = 0. Hence ψ ′ = σω for some ω :d → e. By Proposition 10, taking the pullback of ω
along π , we infer that MP is left abelian. Moreover, it follows that the objects of M+ are
projective in MP. For any a ∈ ObM, the M+-epimorphism αa :a+ → a is epic in MP.
In fact, there is a morphism ε :p → a in Σ with p ∈ P, and (ε αa) :p ⊕ a+ → a is a de-
flation by Proposition 7. Hence αa = (ε αa) ∈ MP is epic. By duality, this proves (T1) of
Definition 1.
To get a global kernel of ψ ∈ MP, we represent ψ as a morphism ψ :b → c in M.
Choose a morphism ε′ :p → c in Σ with p ∈ P. By Proposition 3, there is a pullback (14)
with ε ∈ Σ . Hence ε = kerPψ , which proves (T2). Finally, let ϕ :a → b be a global coker-
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yields γ = cokP ϕ. Since (11) is a pullback by the dual of Proposition 7, ϕ = kerP γ . 
Corollary 1. Let M be a triadic category compatible with a polarization. Let M+ denote
the factor category of M+ modulo the ideal of morphisms ϕ ∈ M+ which factor through
some p ∈ P. Then MP ≈ mod(M+).
Proof. We show that the natural functor F :M+ → MP is full. For a+, b+ ∈ ObM+,
a morphism a+ → b+ in MP is of the form a+ ϕ−→ c ρ←− b+ with ϕ,ρ ∈ M and ρ regular
in M/[P]. Thus ϕ = αcϕ′ and ρ = αcρ′ with ϕ′, ρ′ ∈ M. Consider a morphism ε :p → c
in Σ with p ∈ P. Then (ε
ρ
)
:p ⊕ b+ c is a deflation by Proposition 8. Hence αc factors
through
(
ε
ρ
)
, and thus αc − ρβ ∈ [P] for some β : c+ → b+. Consequently, ϕ − ρβϕ′ =
(αc − ρβ)ϕ′ ∈ [P], which gives ρ−1ϕ = βϕ′ in MP. Thus F is full. Since the subcategory
of projectives in MP is just addF(M+), we get the desired equivalence. 
Corollary 2. Let A be an Ext-category. Then M(A) is triadic with respect to the class P
of objects A → P with P Ext-projective, and the class I of objects I → B with I Ext-
injective. Moreover, M(A) is compatible with its natural polarization (A+,A−).
Proof. By [23, Theorem 1], the class Σ of P-epic I-monomorphisms is exact. Σ consists
of the morphisms ε :a → b given by commutative squares
A1
e1
a
B1
b
A0
e0
B0
(17)
such that the sequence A1
(−e1a )−−−→ B1 ⊕A0 (b e0)−−−→ B0 is a conflation. To show that Σ is fully
exact, we use Proposition 3(a). First, let β :b → e be split epic in M(A). There is a polar
sequence f α−→ b β−→ e which can be assumed to be of the form (10). Then the property
of β to be split epic says that there are morphisms g :D → B1 and h :B0 → D in A with
fg + he = 1. By symmetry, this implies that α is split monic. Next let (17) be a morphism
ε :a → b in Σ , and let
D1
f1
d
B1
b
D0
f0
B0
(18)
454 W. Rump / Journal of Algebra 280 (2004) 435–462be an arbitrary morphism ϕ :d → b in M(A). Consider the pullbacks
C0
p
(hg)
D0
f0
B1 ⊕A0
(b e0)
B0
C1
q
c
D1
d
C0
p
D0
(19)
in A. Then the right-hand square in (19) gives a morphism ε′ : c → d in M(A). By [23,
Proposition 1], the factorization p :C0 (
1
0)−−→ C0 ⊕D1 (p d)−−−→ D0 shows that (p d) is a defla-
tion. Hence ε′ ∈ Σ . By [23, Lemma 1], the composition ϕε′ factors through ε. So we get a
commutative square
c
ε′
d
ϕ
a
ε
b
(20)
in M(A), and it is easy to verify that (20) is in fact a pullback. This proves that Σ is fully
exact. By Proposition 9, Σ is compatible with (A+,A−). 
3. The homotopy category of short exact sequences
Let M be an additive category with a fully exact class Σ ⊂M and a polarization. Then
(E2) implies that every a ∈ ObM gives rise to morphisms p → a → i in Σ with p ∈ PrΣ
and i ∈ InΣ . We call the object a an inflation (deflation) if i ∈ addM+ (respectively
p ∈ addM−). The terminology will be explained after the following proposition which im-
plies that inflations (deflations) are invariant under isomorphism in com(M−) (respectively
mod(M+)). Therefore, the classes of inflations and deflations in M induce full subcat-
egories infM− ⊂ com(M−) and defM+ ⊂ mod(M+), respectively. Let PrΣ (respec-
tively InΣ) denote the full subcategory of mod(M+) (respectively com(M−)) induced
by PrΣ ⊂M (respectively InΣ ⊂M). Thus PrΣ ≈ PrΣ/[M−] and InΣ ≈ InΣ/[M+].
Proposition 11. Let M be an additive category with a fully exact class Σ ⊂ M and a
polarization. Then (PrΣ,defM+) is a torsion theory in mod(M+), and (infM−, InΣ) is
a torsion theory in com(M−).
Proof. For any a ∈ ObM, there is a sequence
p
ε−→ a γ−→ c (21)
of morphisms in M with ε ∈ Σ , p ∈ PrΣ , and γ = cokε in mod(M+). By (12), ε is monic
in M/[M−]. Therefore, since mod(M+) is left abelian by Proposition 5, Proposition 1
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only if γ is invertible in mod(M+). Thus if b ∈ ObM is a deflation and ρ :a → b an
isomorphism in mod(M+), the commutative diagram
p
ε
a
γ
ρ
c
0 b
∼
c′
in mod(M+) shows that a is a deflation. By Proposition 6(a), PrΣ is closed with respect to
isomorphisms. For an arbitrary a ∈ ObM, there is a polar sequence p (
ε
βp
)−−−→ a ⊕ p− δ−→ d .
Hence δ = µ · cok ( ε
βp
)
with µ monic by the remark following Proposition 3. Therefore,
the morphism γ in the pushout
p
ε
βp
a
γPO
p− c
is M+-epic, whence γ = cok ε in mod(M+). Thus Proposition 3(a) yields c ∈ defM+.
Since every morphism q → a with q ∈ PrΣ factors through ε, we infer that (PrΣ,defM+)
is a torsion theory in mod(M+). 
When A is an Ext-category, defA+ consists of the objects a+ :A+1 → A+0 in mod(A+)
such that a ∈ A is a deflation, and infA− consists of the objects a− :A−0 → A−1 in
com(A−) such that a ∈ A is an inflation. We define Ext(A) as the category of conflations
A B  C in A, regarded as complexes 0 → A → B → C → 0, modulo homotopy.
Then there are natural equivalences
infA− ≈ Ext(A) ≈ defA+ (22)
according to the relationship between inflations, conflations, and deflations.
Note. If A is left and right coherent, e.g., if A is a category Λ-CM of maximal Cohen–
Macaulay modules over a Cohen–Macaulay order Λ representing an isolated singularity [2,
Proposition 11] and (22) yield a quasi-tilting ([20, §3], [4]) between mod(A) and com(A).
Proposition 12. Let M be a triadic category with a polarization such that every split epi-
morphism has a kernel. Then the functor mod(M+) ≈M/[M−] →MP respects cokernels
of morphisms.
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a morphism ε :p → c in Σ with p ∈ P. Then (γ ε) :b ⊕ p → c is a deflation by Propo-
sition 7. Hence γ = (γ ε) ∈ MP is epic by Lemma 1. Assume further that α :q → b is
a morphism in M such that q α−→ b γ−→ →c is a short exact sequence in mod(M+), and
q ∈ P. We show that γ is invertible in MP. Consider the pullback
a
δ
ε′
p
εPB
q
α
b
γ
c
(23)
in M. Thus ε′ = kerP γ , and by Proposition 8, it suffices to show that a ∈ P. Since
M− ⊂ P, it follows that (23) is a pullback in mod(M+). Hence α = ε′β with β = ker δ in
mod(M+). By the pullback property of (23), δ is M+-epic. Therefore, we get a short exact
sequence q β−→ a δ−→ p in mod(M+). Let β ′ :q ′ → a be a morphism in Σ with q ′ ∈ P.
Then β factors through β ′. So the cokernel δ′ :a → d of β ′ in mod(M+) factors through δ.
Since d ∈ defM+ by Proposition 11, we get δ′ = 0, whence a ∈ P.
Now let ϕ :a → b be a morphism in M with γ = cokϕ in mod(M+), and let ξ :b → x
be a morphism with ξϕ ∈ [P]. Consider an ε :p → x in Σ with p ∈ P. Then ξϕ = εψ for
some ψ :a → p. We form the pushout
a
ϕ
ψ
b
γ
ν
c
PO
p
µ
d
δ
c
in mod(M+) with δ = cokµ in mod(M+). Then ε factors through µ in mod(M+),
whence µ is monic in mod(M+). By the above, this implies that δ is invertible in MP.
Since ξ factors through ν in mod(M+), we get γ = cokP ϕ. 
Proposition 13. Let M be a triadic category with a polarization such that every split
epimorphism has a kernel, and let γ :b → c be an epimorphism in mod(M+) with
b ∈ defM+. Then c ∈ defM+.
Proof. We may assume that γ is an M+-epimorphism in M. Choose a morphism ϕ :a → b
in M with γ = cokϕ in mod(M+), and a morphism α :p → b in Σ with p ∈ P. By
Proposition 3, the P-epimorphism (ϕ α) :a⊕p → b admits a factorization (ϕ α) :a⊕p δ
e
ε−→ b with a deflation δ and ε ∈ Σ . Since γ · (ϕ α) ∈ [P] and c ∈ defM+, Lemma 1
implies that γ ε ∈ [M−]. Consequently, γ = cok ε holds in mod(M+), hence in MP by
Proposition 12. Now let β :q → c be a morphism in Σ with q ∈ P. Then βαq = γ ζ for
some ζ :q+ → b. Since ε = kerP γ and γ ζ ∈ [P], it follows that ζ factors through ε,
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Proposition 11. 
The equivalence infM− ≈ defM+ for M = M(A) remains valid under the assump-
tion of Proposition 13. Furthermore, we get a new interpretation of the localizations MP
and MI.
Theorem 4. Let M be a triadic category with a polarization such that every split epimor-
phism has a kernel. Then there are natural equivalences
infM− ≈MP ≈MI ≈ defM+. (24)
Proof. Since M− ⊂ P by Proposition 7, the functor M → MP factors through M →
mod(M+). So we get a functor
F : defM+ ↪→ mod(M+) −→MP. (25)
Let a, b be objects in defM+. If ϕ :a → b is a morphism in mod(M+) with F(ϕ) = 0,
then ϕ ∈ [PrΣ]. Since b ∈ defM+, this yields ϕ = 0. So F is faithful. Next, consider a
short exact sequence (21). By Proposition 12, γ is invertible in MP. Hence F is dense.
Finally, let ρ−1ϕ :a → c ← b be a morphism in MP, i.e., ϕ,ρ ∈ M with ρ regular in
M/[P]. Then the preceding argument gives a morphism ρ′ : c → c′ in M with c′ ∈ defM+
such that ρ′ is regular in M/[P]. Therefore, we may assume without loss of generality
that c ∈ defM+, and it remains to be shown that ρ ∈ mod(M+) is invertible. Since ρ is
monic in M/[P], and b ∈ defM+, we infer that ρ is monic in mod(M+). Let ε :p → c
be a morphism in Σ with p ∈ P. Then Proposition 8 implies that (ρ ε) :b ⊕ p → c is a
deflation. By Lemma 1, this implies that (ρ ε) is epic in M/[P]. Therefore, if γ : c → d
is the cokernel of ρ in mod(M+), then γ ∈ [P]. Since c ∈ defM+, Proposition 13 yields
d ∈ defM+. Hence γ = 0 in mod(M+). Thus ρ is invertible in mod(M+). 
For an Ext-category A, Theorem 4 implies that
M(A)P ≈M(A)I ≈ Ext(A). (26)
In particular, this shows that Ext(A) is abelian. Let us determine the semisimple objects in
Ext(A).
Definition 6. Let A be an Ext-category with the Krull–Schmidt property, i.e., every object
of A is a finite direct sum of objects with local endomorphism rings. The ideal RadA of A
generated by the non-invertible morphisms between indecomposable objects is called the
radical of A. A morphism f :A → B in RadA is said to be right (left) almost split if every
morphism A′ → B (respectively A → B ′) in RadA factors through f . If such a morphism
f exists for each object B (respectively A) of A, we will say that A has right (left) almost
split morphisms. We call a conflation
A
a B b C (27)
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that this property is self-dual.) We say that A has almost split sequences if an almost split
conflation (27) exists for each non-Ext-projective indecomposable object C and for each
non-Ext-injective indecomposable object A of A.
For a Krull–Schmidt category A, the objects a :A1 → A0 in M(A) with a ∈ RadA
form a full subcategory M(A) which is equivalent to M(A) [21]. Similarly, if (27) is a
conflation, then b = ( b′ 00 e
)
with b′ ∈ RadA and e invertible. Hence a = (a′0
)
, where a′ is
an inflation by [23, Proposition 1]. Therefore, the object (27) in Ext(A) is isomorphic to
A
a′ B ′ b
′
 C′. By symmetry, it follows that the conflations (27) with a, b ∈ RadA form
a full subcategory Ext(A) of Ext(A) equivalent to Ext(A).
Proposition 14. Let A be an Ext-category with the Krull–Schmidt property. An object (27)
of Ext(A) is an almost split conflation if and only if it belongs to S(Ext(A)).
Proof. By (22) and [22, Proposition 3], an almost split conflation (27) corresponds to an
object b ∈ defA+ which is semisimple in mod(A+). Therefore, we have to show that
b ∈ S(mod(A+)) ⇔ b ∈ S(defA+). Assume first that b ∈ S(mod(A+)). Since defA+ is
abelian, it suffices to prove that b ∈ Sl (defA+). Thus let µ :a → b be a monomorphism
in defA+, and let ξ :x → a be a morphism in mod(A+) with µξ = 0. By Proposition 11,
there is a short exact sequence p ε−→ x γ→ y in mod(A+) with p ∈ P and y ∈ defA+.
Then ξ factors through γ , which implies that ξ = 0. Hence µ is monic in mod(A+), and
thus µ is split monic. Conversely, assume that b ∈ S(defA+). Then b ∈ Sr (mod(A+)) by
Proposition 13. Hence b ∈ S(mod(A+)) by [22, Proposition 2]. 
Using the symmetry of Ext(A), we immediately obtain (cf. [7, Proposition 1.5]) the
following corollary.
Corollary. Let A be an Ext-category with the Krull–Schmidt property. A conflation (27) is
almost split in A if and only if it is almost split in Aop.
4. Almost split sequences versus L-functors
The foregoing theory enables us to give a very simple definition of L-functors [21,
23]. Recall that a pointed functor [16] of an additive category M is defined as a functor
L− :M→M together with a natural transformation λ− : 1 → L−. For example, if C is a re-
flective full subcategory of M, i.e., if the inclusion I :C ↪→ M has a left adjoint T :M→ C,
then IT together with the unit η : 1 → IT is a pointed functor. We call IT the reflection
of C. Dually, an augmented functor of M is given by an endofunctor L+ together with a
natural transformation λ+ :L+ → 1. In particular, every coreflective full subcategory C of
M gives rise to an augmented functor of M, the coreflection of C. We call M (co-)semilocal
if the subcategory S(M) is (co-)reflective. If every non-zero object a of M admits non-zero
morphisms s → a → s′ with s, s′ ∈ S(M), we will say that M has enough semisimple ob-
jects. For an augmented or pointed functor L± we define PrL± (respectively InL±) as the
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for each a ∈ ObM. Note that a left adjoint of a pointed functor is augmented, and vice
versa [23, §2].
Definition 7. Let M be a triadic category. We define a left triadic functor of M as an
augmented functor L+ :M → M with λ+a ∈ ΣM for all a ∈ ObM. Thus every a ∈ ObM
gives rise to a standard triad
T Sa
σa−→ L+a λ
+
a−−→ a πa−→ Sa (28)
such that every morphism a → b induces a morphism of standard triads. We call L+ a left
L-functor if, in addition, Sa is semisimple for each a ∈ ObM, PrL+ ⊂ P, and InL+ ⊂ I.
Right L-functors, and right triadic functors, are defined in a dual way. If M admits a left
L-functor L+ and a right L-functor L−, we simply say that M has L-functors.
Remark. For a triadic category M, the left L-functors defined here are left L-functors in
the sense of [23]. In fact, the properties (L1)–(L7) given in [23, Definition 6], are easily
checked except (L3) and its dual (L4), which need a moment’s reflection. For any a ∈
ObMP, there exists a triad T a = T a → c γ−→ a with c ∈ I. Hence γ satisfies (L3) of
[23]. Conversely, let L :M→ M be an L-functor in the sense of [23]. Then the (PrL)-epic
(InL)-monomorphisms form an exact class Σ ⊂M. If Σ makes M into a triadic category,
then L is a left L-functor.
Lemma 3. Let M be a triadic category with a left triadic functor L+ such that PrL+ ⊂ P.
For an object a of M, let πa be split epic. Then πa is invertible.
Proof. Since λ+a = kerπa in MP, there are morphisms ϕ :a → b and ρ :L+a → b in M
with ρ regular in M/[P] such that ρ−1ϕ ·λ+a = 1 in MP. Hence ρ−λ+b ·L+ϕ = ρ−ϕλ+a ∈
[P], and thus λ+b is invertible in MP. Therefore, πb = 0, which gives b ∈ PrL+ ⊂ P.
Consequently, L+a ∈ P, whence πa is invertible. 
Proposition 15. Let M be a triadic category.
(a) A left L-functor exists if and only if MP is semilocal with enough semisimple objects.
(b) A left L-functor is unique up to isomorphism.
(c) If L+ is a left L-functor, then an endofunctor of M is right adjoint to L+ if and only if
it is a right L-functor.
Proof. (a) Let L+ be a left L-functor. For a ∈ ObM, let ϕ :a → s be a morphism in
M with s ∈ S(MP). Then πs is split epic, and Lemma 3 implies that πs is invertible.
Hence ϕ factors through πa in MP. This shows that MP is semilocal. By Theorem 1,
T Sa ∈ S(MI) for all a ∈ ObM. Therefore, if HomMI(T Sa, x) = 0 for some x ∈ ObM,
then each morphism L+a → x factors through λ+a . Since PrL+ ⊂ P and InL+ ⊂ I, it
follows that MP ≈ MI has enough semisimple objects. Conversely, let MP be semilocal
with reflection S :MP → MP and unit π : 1 → S. Assume that MP has enough semisimple
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implies that πcγ = 0. Hence πc = 0, and thus c = 0 in MP. Therefore, πa is epic, and
λ+a := kerP πa yields a left triadic functor L+ with PrL+ ⊂ P. Assume that a ∈ InL+. To
prove that a ∈ I, we have to show that HomMI(S(MI), a) = 0. Thus let ϕ : s → a be a
morphism in M with s ∈ S(MI). Then there is a triad s = s → i ω−→ T −1s with i ∈ I. Since
ω factors through πi , we get a morphism of triads
T Si
σi
T ζ
L+i
λ+i
ψ
i
πi
1
Si
ζ
s s i
ω
T −1s
with ζ epic in MP. Hence T ζ is epic in MI. Since ϕψ factors through λ+i , we have
ϕ · T ζ = 0, and thus ϕ = 0 in MI. The uniqueness (b) follows by the uniqueness of the
reflection S of S(MP).
(c) Let L+ be a left L-functor. Then PrL+ = P and InL+ = I. Assume that L− is right
adjoint to L+. Then [23, Proposition 7], implies that PrL− = P and InL− = I. Hence L−
is right triadic. By [23, Proposition 4], we have a morphism of triads
T S(L−a) L+L−a
λ+
L−a
εa
L−a
1
S(L−a)
S−a a
λ−a
L−a T −1S−a
for each a ∈ ObM, where ε :L+L− → 1 denotes the counit of the adjunction L+  L−.
Since S(L−a) ∈ S(MP), it follows that T −1S−a ∈ Sr (MP) = S(MP), and thus S−a ∈
S(MI). So L− is a right L-functor. Conversely, let L− be a right L-functor. By the above,
every morphism ϕ :a → L−b in M induces a morphism of triads
T Sa L+a
λ+a
ϕ+
a
πa
ϕ
Sa
S−b b
λ−b
L−b T −1S−b
with a unique ϕ+. By symmetry, ϕ → ϕ+ defines an adjunction L+  L−. 
Proposition 15 provides the link between L-functors and almost split sequences. For an
Ext-categoryA, let P(A) (respectively I(A)) denote the full subcategory of Ext-projectives
(Ext-injectives).
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equivalent:
(a) A has almost split sequences.
(b) Ext(A) is semilocal and cosemilocal with enough semisimple objects.
(c) M(A) has L-functors.
(d) A/[P(A)] has right almost split morphisms, and A/[I(A)] has left almost split mor-
phisms.
Proof. The equivalence (b) ⇔ (c) follows by (26) and Proposition 15. The category
M(A)+ in Corollary 1 of Theorem 3 is equivalent to A/[P(A)]. Therefore, the equiva-
lence (b) ⇔ (d) follows by [22, Proposition 4].
(a) ⇒ (b). For an object A2A1A0 in Ext(A), let A0 = C ⊕P be a decomposition
with P ∈ P(A), such that C has no non-zero Ext-projective direct summands. So there is
an almost split conflation ABC in A, and we get a morphism
A2 A1 A0 = C ⊕ P
(1 0)
A B C
(29)
in Ext(A). Using Proposition 14, a straightforward verification shows that (29) defines a
left adjoint of the inclusion S(Ext(A)) ↪→ Ext(A). Hence Ext(A) is semilocal. If the lower
short exact sequence in (29) splits, then C = 0, and so the upper sequence in (29) also
splits. By duality, this proves (b).
(b) ⇒ (a). Let E be an indecomposable non-Ext-projective object of A. Then there
exists an object D P  E in Ext(A) with P Ext-projective. By assumption, there exists
a morphism
D P
p
E
f
A B C
(30)
in Ext(A) which represents the unit of the reflection of S(Ext(A)) ↪→ Ext(A). By Proposi-
tion 14, the lower short exact sequence in (30) is an almost split conflation. Since Ext(A)
has enough semisimple objects and p does not split, it follows that the morphism (30) is
non-zero. Hence f /∈ RadA, and so f is split monic. Since (30) is epic by virtue of (c), we
infer that f is invertible. By symmetry, this proves (a). 
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